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$\{P_{1}, \cdot\cdot\cdot , P_{m};D\}$ $A$
$Q$ exact




1. $A$ $R(z)=(zE-A)^{-1}$ $A$
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1. $A$ $\lambda_{1},$ $\cdots,$ $\lambda_{m}$ $\lambda_{i}$
$R(z)= \cdots+\frac{1}{(z-\lambda_{i})^{2}}D_{i}+\frac{1}{z-\lambda_{i}}P_{i}+\cdots$
$A$ $\{P_{1} , \cdot\cdot\cdot, P_{m};\sum_{i=1}^{m}D_{i}\}$
$R(z)$
2. $z=\lambda_{i}$ $C_{i}$ $\lambda_{i}$
$P_{i}l\ovalbox{\tt\small REJECT}$ $P_{i}= \frac{1}{2\pi\sqrt{-1}}\int_{C_{i}}R(z)dz$ $\circ$
3. $f(z)\in C[z]\backslash \{0\}$ $f(A)=O$ $\grave$
$\grave$
$R(z)= \frac{1}{f(z)}\Psi_{f}(zE, A)$ , $\Psi_{j}(x, y)=\frac{f(x)-f(y)}{x-y}\in C[x, y]$ .
1. $A=(\begin{array}{lll}0 4 0-l 4 00 0 3\end{array})$ $\pi(x)=(x-2)^{2}(x-3)$ $\lambda_{1}=2,$ $\lambda_{2}=3$
$A$
$R(z)= \frac{1}{(z-2)^{2}}(-6E+5A-A^{2})+\frac{1}{z-2}(-3E+4A-A^{2})+\frac{1}{z-3}(4E-4A+A^{2})$
$P_{1}=-3E+4A-A^{2}=(\begin{array}{lll}l 0 00 l 00 0 0\end{array})$ , $P_{2}=4E-4A+A^{2}=(\begin{array}{lll}0 0 00 0 O0 0 l\end{array})$ ,
$D_{1}=-6E+5A-A^{2}=(\begin{array}{lll}-2 4 0-1 2 00 0 0\end{array})$ , $D_{2}=O$
$A$ $\{P_{1}, P_{2};D_{1}+D_{2}\}$
2.
$A=(\begin{array}{llll}0 2 0 ll 0 0 00 0 0 20 0 l 0\end{array})$
$\pi(x)=(x^{2}-2)^{2}$ $\lambda_{1}=\sqrt{2},$ $\lambda_{2}=-\sqrt{2}$ $A$
$\{P_{1}, P_{2;}D_{1}+D_{2}\}$





$R(z)= \frac{1}{\pi(z)}\Psi_{\pi}(zE, A)$ 2
exact
$f(z)\in Q[z]$ $V(f)=\{z|f(z)=0\}$ $Q[z, f^{-1}]$
$\equiv$
$r_{1}(z)\equiv r_{2}(z)\Leftrightarrow r_{1}(z)-r_{2}(z)\in Q[z]$
$[r_{1}]$ $V(f)$
$V(f)$ $g(z)/f(z)^{p}\in Q[z, f^{-1}]$





$r(z)\in Q[z, f_{1}^{-1}, \cdots, f_{\overline{m}}^{1}]$
$[r(z)]=T_{1}[ \frac{f_{1}’(z)}{f_{1}(z)}]+\cdots+T_{m}[\frac{f_{m}’(z)}{f_{m}(z)}]$ , $T_{i}\in Q\langle z,$ $\partial_{z}\rangle$
$A$ $\lambda_{i}$ $P_{i}$
$A$ $\pi(z)=fi(z)^{p_{m}}\cdots f_{m}(z)^{\ell_{m}}$ $f_{i}(z)$ $\lambda_{i}$
$[ \frac{1}{\pi(z)}]=T_{1}[\frac{f_{1}’(z)}{f_{1}(z)}]+\cdots+T_{m}[\frac{f_{m}’(z)}{f_{m}(z)}]$
$T_{i}= \sum_{k=0}^{\ell_{t}-1}(-\partial_{z})^{\ell_{i}-k}t_{k}(z)$ $T_{i}^{*}= \sum_{k=0}^{\ell_{i}-1}t_{k}(z)(\partial_{z})^{p}‘-k$
$P_{i}$ $=$ $\frac{1}{2\pi\sqrt{-1}}\int_{C_{i}}R(z)dz=\frac{1}{2\pi\sqrt{-1}}\int_{C_{t}}\Psi_{\pi}(zE, A)\frac{1}{\pi(z)}dz$
$=$ $\frac{1}{2\pi\sqrt{-1}}\int_{C_{i}}\Psi_{\pi}(zE, A)\sum_{j=1}^{m}T_{j}\frac{f_{j}’(z)}{f_{j}(z)}dz=\frac{1}{2\pi\sqrt{-1}}\int_{C_{i}}\Psi_{\pi}(zE, A)T_{i}\frac{f_{i}’(z)}{f_{i}(z)}dz$
$=$ $\frac{1}{2\pi\sqrt{-1}}\int_{C_{i}}\{T_{i}^{*}\Psi_{\pi}(zE, A)\}\frac{f_{i}’(z)}{f_{i}(z)}dz=\{T_{i}^{*}\Psi_{\pi}(zE, A)\}|_{z=\lambda_{i}}$
2 $\Psi_{\pi}(z, y)$ $\tau_{i}*$ $F_{i}(z, y)=$









2. $A$ $\pi(z)=f_{1}^{\ell_{1}}\cdots f_{m^{m}}^{p}$
3. $[1/\pi(z)]$ $T_{1},$ $\cdots,$ $T_{m}$
4. $F_{i}(z,y)=T_{i}^{*}\Psi_{\pi}(z, y)mod f_{i}(z)$ $G_{i}(z,y)=S_{i}^{*}\Psi_{\pi}(z, y)mod f_{i}(z)$
5. $P_{i}=F_{i}(\lambda_{i}E,A)$ $D_{i}=G_{i}(\lambda_{i}E, A)$
1 5 $F_{i}(z,y)$ $y$ $\deg\pi-1$
$z$ $\deg f_{i}-1$





2. $A$ $v\neq 0$ $f(A)v=0$ $v$
4. $j$ $ej$ $\pi_{j}(z)$ $A$ $R(z)$
$R(z)e_{j}= \frac{1}{\pi j(z)}\Psi_{J}(zE,A)e_{j}$ , $\Psi_{j}(x, y)=\frac{\pi_{j}(x)-\pi_{j}(y)}{x-y}\in Q[x,y]$ .







2. $e_{j}$ $\pi j(z)=f_{1}^{p_{1j}}\cdots f_{m^{mj}}^{\ell}$
3. $[1/\pi_{j}(z)]$ $T_{1j},$ $\cdots,$ $T_{mj}$
4. $F_{ij}(z,y)=T_{ij}^{*}\Psi_{j}(z,y)mod f_{i}(z)$ $G_{ij}(z,y)=S_{ij}^{*}\Psi_{j}(z,y)mod f_{i}(z)$
5. $P_{i}ej=F_{ij}(\lambda_{i}E, A)ej$ $D_{i}ej=G_{ij}(\lambda_{i}E,A)ej$
6. $P_{i}$ $D_{i}$














2. $b_{kj}=0$ $\ell_{kj}=0$ $b_{kj}\neq 0$ $f_{k}(A)$ $f_{k}(A)^{p}b_{kj}=0$
$p>0$ $l_{kj}=p$
$\pi_{j}(A)e_{j}=0$ ${}^{t}v\pi_{j}(A)e_{j}=0$
$v$ ${}^{t}v\pi j(A)e_{j}=0$ 1
4. $v$ $k=1,$ $\cdots,m$
1. $\chi_{k}(z)=\chi(z)/f_{k}(z)^{\ell_{k}}$ ${}^{t}v_{k}={}^{t}v\chi_{k}(A)$
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$F_{ij}(z, y)$ $z$ $F_{ij}(z,y)= \sum_{k=0}^{\deg f_{:}-1}F_{ij}^{(k)}(y)z^{k}$ $P_{i}e_{j}=$
$\sum_{k^{eg}}^{d-1}\lambda_{j}^{k}\{F^{(k)}(A)e\}$ $f(z)\in Q[z]$ ( ) $G$
$f(A)G$ ( )
5( ).
: $f(x)=a_{0}x^{n}+a_{1}x^{n-1}+\cdots+a_{n},$ $A$ : $G$ ;
$:F_{n}=f(A)G$
$\{F_{0}, F_{1}, \cdots, F_{n}\}$
$F_{0}=a0G$ , $F_{i}=AF_{i-1}+a_{i}G$
$A$ $m$ $G$ $m\cross m’$ $m$




$\deg b_{0}=(nmod d)\leq d-1$ , $\deg b_{1}=\cdots=\deg b_{k}=d-1$
$f(A)G= \sum_{i=0}^{k}(A^{d})^{k-i}(b_{i}(A)G)$
6( ).




3. $B_{i}=b_{i}(A)G$ $G,$ $AG,$ $\cdots,$ $A^{d-1}G$
128
4. $\{F_{0},F_{1} , \cdot\cdot\cdot,F_{k}\}$
$\ovalbox{\tt\small REJECT}=B_{0}$ , $F_{i}=A^{d}F_{i-1}+B_{i}$
6 1 $m$
$\log_{2}d$ 2 $m$ $m\cross m^{l}$ $d-1$
4 $m$ $m\cross m’$ $k=\lfloor(\deg f)/d\rfloor$
$O(m^{3}\log 2d+m^{2}m’(d+\lfloor(\deg f)/d\rfloor))$
$m=m’$ $O(m^{3}\deg f)$
$O(m^{3}(\log 2d+d+\lfloor(\deg f)/d\rfloor))$ $\deg f$ $d\fallingdotseq\sqrt{\deg f}$
$A^{d}$ $d$ 2
Risa$/Asir$ $A,$ $G$ 50
$128bit$ $\deg f=24,$ $d=4$ 1
$\log$2 $d+d+n/d=2+4+6=12,$ $\deg f=24$
1 $=4$







2: ( $G$ )
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